Abstract: Characteristics of cladding modes in a photonic crystal fiber (PCF) are numerically analyzed using the plane wave expansion method. The presence of the outer silica ring in the PCF tends to push the optical fields of the cladding modes toward the rim of the PCF, which creates 'ring modes' whose fields are tightly confined in the outer ring. The dispersion of the cladding modes are determined mainly by the dispersive property of the holey cladding structure. The optical field patterns of the cladding modes and the beatlengths between the fundamental mode and the cladding modes are also investigated.
Introduction
During the last decade, photonic crystal fibers (PCFs) have been extensively studied for various applications utilizing their unique capabilities such as endless single mode operation, tailored dispersion, high birefringence, and enhanced or suppressed optical nonlinearity [1] [2] [3] . These unique features come from the fact that optical properties of the guided modes in the core can be easily manipulated by changing the air-hole structure in the cladding. While significant attention has been paid to the study of core modes of PCFs, very little effort has been devoted to the study of cladding modes. The characteristics of the cladding modes play critical roles in devices that utilize the coupling between the core and the cladding modes [4, 5] as in the case of conventional fibers [6, 7] . In this paper, we describe systematic analysis of the mode field distributions along with their effective refractive indices for the cladding modes in a typical PCF structure. Calculations are performed by using the plane wave expansion method [8] . The structure of the PCF analyzed in this work is shown in Fig. 1 , which has four rows of air holes surrounding the silica core with a hexagonal symmetry. The cross-sectional structure consists of three main parts -a silica core, a holey cladding, and an outer silica region. The refractive indices used for silica and air are 1.45 and 1, respectively. For simplicity of calculation, we assume no material dispersion of silica. The pitch (Λ), the normalized air hole diameter (d/Λ), and the normalized outer diameters (2R/Λ) used for this calculation are Λ = 9.7 μm, d/Λ = 0.42, and 2R/Λ = 8.6 − 10.5 (2R = 83.5 -102 μm), respectively. The PCF with these values was calculated to be a single-mode PCF where only the fundamental mode is guided in the core area. In Section 2, mode classification and degeneracy of the cladding modes are studied for the outer diameter of 83.5 μm. In Section 3, we calculate the mode indices and the field distributions for various outer diameters ranging from 83.5 to 102 μm in order to investigate the evolution of the cladding modes as a function of the outer diameter. In Section 4, we describe wavelength dependence of the mode indices, and also the modal beatlengths between the core and three lowest antisymmetric cladding modes in the PCF for the outer diameter of 84.5 μm.
Cladding modes of a PCF with a diameter of 83.5 μm
The plane wave expansion method uses the linear superposition of plane waves to build the electromagnetic field of the eigenmodes. For a given propagation constant (k), the optical frequency (ω), the complex amplitude of each plane wave component, and the mode field profile can be determined by using the electromagnetic variational theorem [9] . Our calculations were performed using a freely available software package [8] . The computational unit or the supercell is shown as a dashed rectangle in Fig. 1 . Note that 2R = 83.5 μm is used for the calculation in this section. The calculation accuracy is determined by several parameters such as the spatial resolution and the size of the supercell [10] . The spatial resolution represents the number of grids per pitch (Λ), and the total number of planewave bases used for the calculation is determined by (L * resolution) 2 . Due to the limited computation capacity of the PC used, we used the resolution of 48/Λ and the supercell size of 11Λ that produces the mode index error of ~5×10 -5 . In this case, we obtained a relative error in the index difference between two adjacent modes (~1×10 -7 ) that is small enough as a key parameter for devices utilizing core-cladding mode coupling. cladding modes at the wavelength of 1.56 μm. As in the cases of conventional single-mode fibers, the nearly or completely degenerate modes can be grouped and labeled as LP nm modes for the calculated cladding modes. It is interesting to note that the mode profiles in Fig. 2 (b) are similar to their counterparts in conventional step-index circular fibers. Figure 3 shows the electrical field profiles of two eigen modes in the LP 02 mode group with orthogonal polarization states (mode number 1 and 2 in Fig. 2 ). The mode index difference was calculated to be less than the calculation error (1×10 -7 ), and therefore, the two modes are considered degenerate. The two degenerate modes correspond to two HE 12 modes in conventional step-index circular fibers. The LP 11 mode group (mode number 3 ~ 6 in Fig. 2 ) has four nearly (not perfectly) degenerate modes of the TE 01 , the HE 21 even and odd, and the TM 01 modes (see Fig. 4 ). The index difference between the HE 21 even and odd modes is less than the calculation error (1×10 , respectively. The calculation results show that the degeneracy and also the field profiles of the mode group 1 (HE 12 ) and the mode group 2 (TE 01, HE 21 and TM 01 ) are equivalent to those of conventional step index fibers. This finding is consistent with predictions based on the group theory [11, 12] , which states the fibers with circular and hexagonal cross-sections have the same mode classification. Exceptions are for the modes with the hexagonal symmetry in its field distribution such as HE 3x [12] . From the above considerations, we determined that the low order cladding modes can be approximated as linearly polarized (LP) modes as in the case of a conventional step-index fiber. In Section 3 and 4, the LP 1x modes in the PCF will be treated in detail since those are frequently used for core-cladding mode coupling devices. Because a typical PCF has relatively large outer silica region surrounding an air-hole structure, it is important to understand its effects on the cladding mode properties. We examined the evolution of the cladding modes as a function of the outer cladding diameter. We repeated the calculation of the mode indices and the field distributions keeping the same area of the holey cladding structure while changing the outer diameter from 83.5 to 102 μm. Here, the upper limit of 102 μm was determined by the capacity of the personal computer used for calculations. Figure 5 shows the E x field distributions of three lowest-order LP 1x cladding modes at three different outer diameters and the mode indices as a function of the outer diameter at the wavelength of 1.56 μ m. The horizontal straight line at 1.44667 in Fig. 5(a) denotes the magnitude of effective index of the cladding region with air holes, which represents the effective bulk material index of the infinitely periodic air-hole structure [13] . Interesting features are found in Fig. 5 . As the diameter increases, the mode indices become higher and their field distributions shift into the outer ring region. Since cladding modes in a PCF are guided by the total internal reflection between the outer silica ring and the air around the fiber, higher mode indices and larger portion of the field distributions in the outer ring appear for cladding modes in a PCF with broader outer ring. The number of intensity nodes along the radial direction at each mode is maintained but their locations are shifted to the outer position along the radius. As the field intensity grows in the outer solid glass and decreases in the holey region, the mode indices become greater than the effective index of the holey cladding. Some modes in the figure (A2, A3, B3) have all the intensity nodes in the outer solid glass ring, and these 'ring modes' have already been referred as type 1 cladding modes in a recent publication [14] . It is also interesting to note that the modes A1-B2-C3 have similar field profiles except for the numbers of nodes in the outer ring region, and therefore similar effective indices.
Evolution of cladding modes as a function of diameter

Modal dispersion
In this section, we investigate dispersion properties of the cladding modes. Figure 6 shows (a) mode indices of the fundamental mode (LP 01 ) and the four LP 1x cladding modes and (b) the differences between the effective index of the holey structure and the four cladding mode indices, as a function of wavelength for the outer diameter of 84.5 μm. Here, the gray horizontal line in Fig. 6(b) is represents zero value which corresponds to the effective bulk index of the holey structure. Because of the strong dispersive property of the holey cladding, large dispersion slopes appear in all the cladding modes at longer wavelength. One can also see that index differences between two adjacent modes become bigger at the longer wavelength region in the Figs. 6(a) and (b).
Modal beatlengths between the fundamental core mode and the cladding modes are given
n LP1x ), and they are plotted as a function of wavelength in Fig. 6(c) . The slopes of the beatlength curves are always negative, while they are positive in case of conventional single-mode fibers. It comes from highly dispersive property of the air-hole structure in the PCF. Guided modes in the PCF tend to have larger field distributions in the air holes at longer wavelengths; therefore, the magnitudes of mode effective indices become lower. In this case, the reduction of effective refractive index of the fundamental core mode at longer wavelengths due to the presence of the air holes is smaller than those for higher-order modes because the fundamental mode is most tightly confined in the silica core region. However, the magnitudes of the slopes in our PCF are similar to those of conventional fibers, and therefore we can expect similar coupling bandwidths of long period PCF gratings as in the case of conventional fiber counterparts. In the Fig. 6(c) , we also indicated regions where the modes become the 'ring modes' described earlier, in contrast to the cladding modes that have the major optical power in the holey cladding region. One can see that the LP 11 mode becomes a 'ring mode' at shorter wavelength region. It happens because the outer ring region can be regarded relatively thicker for a shorter wavelength. This transition point should be considered seriously in mode coupling devices since the mode overlap between the core and the cladding modes will drop abruptly at a shorter wavelength than the transition point. Fig. 6. (a) . The refractive indices of the LP 01 core mode and the four LP 1x cladding modes, (b) the relative index differences between the effective cladding and the four cladding modes, and (c) beatlengths between the core mode and the four cladding modes @ 2R=84.5 μm. Insets, the intensity distributions of the LP 11 mode @ λ=1.08 and 2.34 μm.
Summary
We have calculated and analyzed the characteristics of the cladding modes in a standard PCF by using a plane wave expansion method. The classification of the cladding modes and their degeneracy were found to be similar to those of conventional step-index circular fibers. The dispersion properties of the cladding modes were also investigated and we found that it was mainly determined by that of holy cladding structure. This study provides essential information for design and development of cladding-mode-based applications of PCFs. 
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